We prove that every nondegenerate contact form on a closed connected three-manifold, such that the associated contact structure has torsion first Chern class, has either two or infinitely many simple Reeb orbits. By previous results it follows that under the above assumptions, there are infinitely many simple Reeb orbits if the three-manifold is not the three-sphere or a lens space. We also show that for non-torsion contact structures, every nondegenerate contact form has at least four simple Reeb orbits.
Introduction

Statement of the main result
Let Y denote a closed connected three-manifold. Recall that a contact form on Y is a 1-form λ on Y such that λ^dλ ‰ 0 everywhere. Associated to λ is the Reeb vector field R characterized by dλpR,¨q " 0 and λpRq " 1. Also associated to λ is the contact structure ξ " Kerpλq; this is a 2-plane field on Y which is oriented by dλ.
A Reeb orbit is a periodic orbit of R, that is a map γ : R{T Z Ñ Y for some T ą 0 such that γ 1 ptq " Rpγptqq for all t. We consider two Reeb orbits to be equivalent if they differ by precomposition with a translation of the domain. A Reeb orbit γ is simple if the map γ is an embedding. Every Reeb orbit is an m-fold cover of a simple Reeb orbit for some positive integer m.
The three-dimensional case of the Weinstein conjecture asserts that every contact form on a closed three-manifold has at least one Reeb orbit. This was proved by Taubes [25] in 2006, and various special cases had been proved earlier, see e.g. the survey [12] .
Later, the first two authors established the following refinement of Taubes's result: Theorem 1.1. [4] Every contact form on a closed three-manifold has at least two simple Reeb orbits.
The lower bound of two is the best possible, because there exist contact forms on S 3 with exactly two simple Reeb orbits, see e.g. [14, Ex. 1.8] . One can also take quotients of these examples by cyclic group actions to obtain contact forms on lens spaces with exactly two simple Reeb orbits. However one could try to prove the existence of more simple Reeb orbits under additional assumptions.
The following theorem provides some inspiration. Recall that if γ is a Reeb orbit, the linearized Reeb flow along γ defines a symplectic linear map P γ , the "linearized return map", from pξ γp0q , dλq to itself. The Reeb orbit γ is nondegenerate if 1 is not an eigenvalue of P γ . In this case, we say that γ is positive hyperbolic if P γ has positive eigenvalues, and negative hyperbolic if P γ has negative eigenvalues; otherwise P γ has eigenvalues on the unit circle and we say that γ is elliptic. The contact form λ is called nondegenerate if every (not necessarily simple) Reeb orbit is nondegenerate. (b) The stable and unstable manifolds of all hyperbolic Reeb orbits of λ intersect transversely.
Then λ has either two or infinitely many simple Reeb orbits.
For more complicated three-manifolds, Colin-Honda [3] used linearized contact homology to show that for many contact three-manifolds pY, ξq supported by an open book decomposition with pseudo-Anosov monodromy, every (possibly degenerate) contact form λ with Kerpλq " ξ has infinitely many simple Reeb orbits.
In fact, no example is currently known of a contact form on a closed connected three-manifold with more than two but only finitely many simple Reeb orbits. Thus it is natural to ask:
1 Here, the "standard" contact structure refers to the kernel of the restriction of λ std " 1 2 ř 2 i"1 x i dy i´yi dx i to the unit sphere in C 2 " R 4 .
Question 1.3. Does every contact form on a closed connected three-manifold have either two or infinitely many simple closed orbits?
Our main result answers this question in many cases: Theorem 1.4. Let Y be a closed connected three-manifold and let λ be a nondegenerate contact form on Y . Assume that c 1 pξq P H 2 pY ; Zq is torsion. Then λ has either two or infinitely many simple Reeb orbits.
So, for example, assumptions (a) and (b) in Theorem 1.2 can be dropped. For a different application of Theorem 1.4, we recall that in [19] , the second author and Taubes showed: Theorem 1.5. [19] Let Y be a closed three-manifold with a nondegenerate contact form with exactly two simple Reeb orbits. Then both orbits are elliptic and Y is S 3 or a lens space 2 .
By combining this with Theorem 1.4, we obtain: Corollary 1.6. Let Y be a closed connected three-manifold which is not S 3 or a lens space. Then every nondegenerate contact form λ on Y such that c 1 pξq P H 2 pY ; Zq is torsion has infinitely many simple Reeb orbits.
When Y is S 3 or a lens space, we can still combine Theorems 1.4 and 1.5 to deduce that if a nondegenerate contact form on Y has at least one hyperbolic Reeb orbit, then it has infinitely many simple Reeb orbits 3 .
Idea of the proof of the main theorem
The strategy of the proof of Theorem 1.4, inspired by [8] , is to use holomorphic curves to find a genus zero "global surface of section" for the Reeb flow; see Definition 3.1. If Σ is a global surface of section, then the Reeb orbits consist of the periodic orbits of a Poincaré return map from Σ to itself (which preserves the area form on Σ given by the restriction of dλ), together with the Reeb orbits at the boundary of Σ. If Σ has genus zero, then one can deduce the existence of either two or infinitely many simple Reeb orbits by using a theorem of Franks, asserting that an area-preserving homeomorphism of an open annulus has either zero or infinitely many periodic orbits.
In fact, we cannot always find a global surface of section. But we can find one if we assume that λ is nondegenerate, that c 1 pξq is torsion, and that there are only finitely many simple Reeb orbits; and this is enough to prove Theorem 1.4.
To find a global surface of section under these hypotheses, we use embedded contact homology 4 (ECH). The ECH of pY, λq is the homology of a chain complex which is generated by certain finite sets of simple Reeb orbits with positive integer multiplicities, and whose differential counts certain Fredholm index one J-holomorphic curves in RˆY , for a suitable almost complex structure J on RˆY . Most importantly for the present application, ECH is equipped with a "U map", which is induced by a chain map which counts certain Fredholm index two J-holomorphic curves in RˆY . It was shown by Taubes [26] that there is a canonical isomorphism between ECH and a version of Seiberg-Witten Floer cohomology, which identifies the U map on ECH with a corresponding "U map" on Seiberg-Witten Floer cohomology. By results of Kronheimer-Mrowka [23] on the nontriviality of the latter, it then follows that there are infinitely many 5 holomorphic curves in RˆY counted by the U map on ECH. This gives us a large supply of holomorphic curves in RˆY , and we would like to show that at least one of these holomorphic curves projects to a global surface of section in Y . Proposition 3.2 gives general criteria for a holomorphic curve C in RˆY to project to a genus zero global surface of section in Y . The two most nontrivial criteria to satisfy are the following: First, C must have genus zero; we need this condition both for its own sake and to get an embedded surface in Y . Second, the component of the moduli space of holomorphic curves containing C must be compact; this condition implies that these holomorphic curves fill up all of Y , except for the Reeb orbits at their ends. Without this condition, the moduli space component containing C would only allow us to describe the dynamics on part of Y . On the other hand, when the conditions in Proposition 3.2 are satisfied, the projections of the holomorphic curves in the same component of C give a foliation with leaf space S 1 of the part of Y away from the Reeb orbits at their ends, and the Reeb vector field is transverse to this foliation.
A priori, the holomorphic curves counted by the U map need not satisfy either of these criteria. The key new insight of our paper is that one may use the "volume property" of ECH from [5] to control both the genus and the potential breakings of these curves. The volume property is perhaps the deepest property of ECH; it gives a relation between the symplectic action (total period of Reeb orbits) needed to represent classes in ECH and the contact volume of pY, λq.
Our argument for controlling the genus through the volume property uses the "J 0 index", which can be regarded as a formalism encoding the relative adjunction formula. The J 0 index of a curve bounds its topological complexity. In general, J 0 of a holomorphic curve depends on its relative homology class. However, when c 1 pξq is torsion, J 0 of any holomorphic curve that we find using the U map depends only on the asymptotics of the curve. The idea of our argument is then to take a sequence of curves counted by U N , and bound the sum of J 0 of these curves. We use the fact that there are only finitely many simple Reeb orbits to get a bound on this sum in terms of the symplectic action needed to represent a corresponding class in ECH, and we then use the volume identity to get a strong enough bound to show that most of these N curves must have genus 0 when N is sufficiently large. In the simpler situation where there are exactly two Reeb orbits, some similar arguments were used in [19] to prove Theorem 1.5 above; in this situation, however, the volume property was not needed.
We use the volume property again to show that for many of the genus zero curves counted by the U map, the sets of Reeb orbits that they go between have a very small difference in symplectic action; see Lemma 4.4. By using the assumption that there are only finitely many simple Reeb orbits, and by using the fact that curves counted by the U map satisfy certain constraints on their asymptotics encoded by the "partition conditions", a combinatorial argument in §4.5 finds such a curve for which there is no intermediate set of Reeb orbits along which the curve can break, so that the moduli space component is compact.
We remark that the volume property was also used in [4] to prove Theorem 1.1 above; for some additional applications of the volume property, see [1, 15, 22 ].
Other results
To fully answer Question 1.3, one would like to generalize Theorem 1.4 by dropping the assumptions that c 1 pξq is torsion and λ is nondegenerate. We cannot currently drop the assumption that c 1 pξq is torsion for reasons alluded to above and explained more in Remark 4.5; and most of the machinery we use makes extensive use of nondegeneracy. However we can still say the following about the non-torsion and possibly degenerate case: Theorem 1.7. Let λ be a contact form on a closed three-manifold such that c 1 pξq is not torsion. Then:
(a) λ has at least three simple Reeb orbits.
(b) If λ is nondegenerate, then λ has at least four simple Reeb orbits.
The proof of Theorem 1.7 is different and simpler than that of the main theorem, although it still uses the volume property of ECH.
Finally, in the course of the proof of Theorem 1.4, we obtain another result which involves refining the three-dimensional Weinstein conjecture by looking for Reeb orbits of particular types. Question 1.8. Let Y be a closed connected three-manifold which is not S 3 or a lens space, and let λ be a nondegenerate contact form on Y . Does λ have a positive hyperbolic simple Reeb orbit?
By Theorem 1.5, under the assumptions of Question 1.8 there exists a hyperbolic simple Reeb orbit, which however might not be positive hyperbolic. We can say a bit more here: Proposition 1.9. Every nondegenerate contact form on a closed three-manifold Y with b 1 pY q ą 0 has a positive hyperbolic simple Reeb orbit. Proposition 1.9 is proved in §2 as a direct corollary of the isomorphism between ECH and Seiberg-Witten Floer cohomology.
Outline of the rest of the paper
Section 2 reviews everything that we will need to know about embedded contact homology. In particular, the J 0 index is reviewed in §2.6, and the volume property is reviewed in §2.7. Section 3 proves Proposition 3.2, which gives general criteria for a holomorphic curve in RˆY to project to a global surface of section for the Reeb flow in Y . The heart of our argument, Section 4, uses ECH to find a holomorphic curve satisfying these criteria, assuming that λ is nondegenerate, c 1 pξq is torsion, and there are only finitely many simple Reeb orbits. Section 5 reviews the theorem of Franks and completes the proof of Theorem 1.4. Finally, Section 6 proves Theorem 1.7. The appendix clarifies the facts from Seiberg-Witten theory that are needed to yield infinitely many holomorphic curves counted by the U map on ECH.
Embedded contact homology preliminaries
Let Y be a closed connected three-manifold, let λ be a nondegenerate contact form on Y , and let Γ P H 1 pY q. We now review the definition of the embedded contact homology ECH˚pY, λ, Γq, and the facts about this that we will need. More details about ECH can be found in the lecture notes [14] .
Roughly speaking, ECH˚pY, λ, Γq is built from finite sets of simple Reeb orbits with multiplicities with total homology class Γ. For the proof of Theorem 1.4, we will just need to consider the case Γ " 0; however we will need to work with other classes Γ in the proof of Theorem 1.7.
Holomorphic curves and currents
We say that an almost complex structure J on RˆY is λ-compatible if J is R-invariant; JpB s q " R where s denotes the R coordinate on RˆY and R denotes the Reeb vector field as usual; and Jpξq " ξ, rotating ξ positively with respect to dλ. Fix a λ-compatible J.
We consider J-holomorphic curves of the form u : pΣ, jq Ñ pRˆY, Jq where the domain pΣ, jq is a punctured compact Riemann surface. Here the domain Σ is not necessarily connected, and we say that u is irreducible if Σ is connected. If γ is a (not necessarily simple) Reeb orbit, a positive end of u at γ is a puncture near which u is asymptotic to Rˆγ as s Ñ 8, and a negative end of u at γ is a puncture near which u is asymptotic to Rˆγ as s Ñ´8; see [14, §3.1] for more details. We assume that each puncture is a positive end or a negative end as above. We mod out by the usual equivalence relation on holomorphic curves, namely composition with biholomorphic maps between domains. Under this equivalence relation, if u is somewhere injective, then u is determined by its image C " upΣq, and in this case we often abuse notation to denote u by its image C.
If u is a J-holomorphic curve as above, its Fredholm index is defined by
Here τ is a symplectic trivialization of the contact structure ξ over the Reeb orbits at which u has ends. The term c τ puq denotes the relative first Chern class of u˚ξ with respect to τ , see [14, §3.2] . Finally, suppose that u has k positive ends at (not necessarily simple) Reeb orbits γ1 , . . . , γk , and l negative ends at Reeb orbits γ1 , . . . , γj . Then the last term is defined by
Here if γ is a Reeb orbit and τ is a trivialization of γ˚ξ, then CZ τ pγq denotes the Conley-Zehnder index of γ with respect to τ . In our three-dimensional situation, this is given by
where θ denotes the rotation number with respect to τ of the linearized Reeb flow along γ; see [14, §3.2] . The Fredholm index does not depend on the choice of trivialization τ . The significance of the Fredholm index is that if J is generic and if u is irreducible and somewhere injective, then the moduli space of J-holomorphic curves near u is a manifold of dimension indpuq. Sometimes we wish to mod out by a further equivalence relation, declaring two J-holomorphic curves to be equivalent if they represent the same current in RˆY . In this case we refer to an equivalence class as a J-holomorphic current. A J-holomorphic current is described by a finite set of pairs C " tpC k , d k qu, where the C k are distinct irreducible somewhere injective J-holomorphic curves as above, which we refer to as the "components" of C, and the d k are positive integers which we refer to as the "multiplicities" of these components.
Definition of embedded contact homology
We are now ready to define the embedded contact homology ECHpY, λ, Γq. This is the homology of a chain complex ECC˚pY, λ, Γq over Z{2 defined as follows 6 . An orbit set is a finite set of pairs α " tpα i , m i qu where the α i are distinct simple Reeb orbits, and the m i are positive integers. The orbit set α is admissible if m i " 1 whenever α i is hyperbolic. The total homology class of the orbit set α is defined by rαs :" ÿ i m i rα i s P H 1 pY q.
The chain complex ECC˚pY, λ, Γq is now freely generated over Z{2 by admissible orbit sets α with total homology class rαs " Γ. We sometimes write an orbit set α " tpα i , m i qu as a commutative product α " ś i α m i i , and we usually refer to an admissible orbit set as an ECH generator.
The differential on the chain complex ECC˚pY, λ, Γq depends on the additional choice of a generic λ-compatible almost complex structure J. If α " tpα i , m i qu and β " tpβ j , n j qu are (not necessarily admissible) orbit sets with rαs " rβs P H 1 pY q, let M J pα, βq denote the set of J-holomorphic currents as in §2.1 with positive ends at covers of α i with total covering multiplicity m i , negative ends at covers of β j with total covering multiplicity n j , and no other punctures.
Continuing to assume that rαs " rβs, let H 2 pY, α, βq denote the set of 2-chains Z in Y with BZ " ř i m i α i´ř j n j β j , modulo boundaries of 3-chains. The set H 2 pY, α, βq is an affine space over H 2 pY q, and each current C P M J pα, βq determines a relative homology class rCs P H 2 pY, α, βq.
Given Z P H 2 pY, α, βq, we define the ECH index
Here τ is a trivialization of ξ over the Reeb orbits α i and β j , and c τ denotes the relative first Chern class as before. The integer Q τ pZq is the "relative selfintersection number" reviewed in [14, §3.3] . In the Conley-Zehnder index terms, if γ is a Reeb orbit and k is a positive integer, then γ k denotes the Reeb orbit which is a k-fold cover of γ.
The ECH index does not depend on the choice of trivialization τ . However the ECH index sometimes does depend on the relative homology class Z. Namely, if rαs " rβs " Γ P H 1 pY q, and if Z, Z 1 P H 2 pY, α, βq, then the difference Z´Z 1 is an element of H 2 pY q, and we have the "index ambiguity formula"
see [14, Eq. 3.6] . The ECH index is also additive in the following sense: If δ is another orbit set with rαs " rβs " rδs, if Z P H 2 pY, α, βq, and if W P H 2 pY, β, δq, then Z`W P H 2 pY, α, δq is defined and (0) IpCq ě 0, with equality if and only if each component of C is a trivial cylinder.
(1) If IpCq " 1, then C " C 0 \ C 1 , where IpC 0 q " 0, and C 1 is embedded and does not include any trivial cylinders and has indpC 1 q " IpC 1 q " 1.
(2) If α and β are admissible and IpCq " 2, then C " C 0 \ C 1 , where IpC 0 q " 0, and C 1 is embedded and does not include any trivial cylinders and has indpC 1 q " IpC 1 q " 2.
In particular, it follows from Proposition 2.1(1) that M J 1 pα, βq{R is a discrete set, where R acts on M J pα, βq by translation of the R factor in RˆY . The differential on the ECH chain complex ECCpY, λ, Γq is now defined as follows: Choose a generic λ-compatible J. Given an admissible orbit set α with rαs " Γ, define
Here the sum is over admissible orbit sets β with rβs " Γ, and '#' denotes the mod 2 count. It is shown in [14, §5.3 ] that B J is well-defined, and in [17, Thm. 7.20] that B 2 J " 0. The embedded contact homology ECH˚pY, λ, Γq is now defined to be the homology of the chain complex pECC˚pY, λ, Γq, B J q. Although the differential B J may depend on J, the homology of the chain complex does not; see Theorem 2.2 below.
The ECH index induces a relative Z{d grading on the chain complex ECC˚pY, λ, Γq, where d denotes the divisibility of the cohomology class c 1 pξq`2 PDpΓq in H 2 pY ; Zq mod torsion. If α and β are generators with rαs " rβs " Γ, the grading difference between α and β is defined by Ipα, βq " Ipα, β, Zq where Z P H 2 pY, α, βq. The relative grading does not depend on Z as a result of the index ambiguity formula (2.4). By definition, the differential B J decreases the relative grading by 1.
There is also an absolute Z{2 grading I 2 on the chain complex defined as follows: If α " tpα i , m i qu is an admissible orbit set, then I 2 pαq is the mod 2 count of orbits α i that are positive hyperbolic. This is compatible with the relative grading I in the sense that if rαs " rβs, then Ipα, βq " I 2 pαq´I 2 pβq mod 2, (2.7)
see [10, Prop. 1.6(c)].
The U map
Embedded contact homology has various additional structures on it. One such structure that will play a crucial role in this paper is the U map, a degree´2 map
To define this, choose a base point z P Y which is not on the image of any Reeb orbit, and let J be a generic λ-compatible almost complex structure. One then defines a map U J,z : ECC˚pY, λ, Γq ÝÑ ECH˚´2pY, λ, Γq as follows: if α and β are ECH generators, then the coefficient xU J,z α, βy is the mod 2 count of J-holomorphic currents in M J 2 pα, βq that pass through the point p0, zq P RˆY .
As explained in [19, §2.5] , the map U J,z is a chain map, and we define the U map (2.8) to be the induced map on homology. Our assumption that Y is connected implies that U does not depend on the choice of z. The U map does not depend on J either by Theorem 2.2 below.
If α and β are ECH generators and if C P M J 2 pα, βq is a J-holomorphic current counted by the chain map U J,z , then we refer to C as a U -curve. By Proposition 2.1, a U-curve has the form
where C 0 is a union of trivial cylinders with multiplicities, and C 1 is embedded and satisfies indpC 1 q " IpC 1 q " 2. Moreover, C 1 is irreducible by [19, Lem. 2.6(b)].
The isomorphism with Seiberg-Witten theory
A priori , the embedded contact homology ECH˚pY, λ, Γq could depend on the choice of generic λ-compatible J, so strictly speaking we should denote it by ECH˚pY, λ, Γ, Jq. The U map could also depend on J. In fact, these depend only on Y , Γ, and the contact structure ξ, as a result of the following theorem of Taubes:
[26] Let Y be a closed connected three-manifold with a nondegenerate contact form λ, and let Γ P H 1 pY q. Then for any generic λ-compatible almost complex structure J, there is a canonical isomorphism of relatively graded Z{2-modules
HM´˚pY, s ξ`P DpΓq; Z{2q (2.9)
7 One can also obtain an isomorphism with Z coefficients, see [27] .
which preserves the U maps on both sides.
Here z HM˚pY, s; Z{2q is a version of Seiberg-Witten Floer cohomology with Z{2 coefficients defined by Kronheimer-Mrowka [23] , which depends on a closed oriented connected three-manifold Y together with a spin-c structure s. This has a relative Z{d grading, where d denotes the divisibility of c 1 psq in H 2 pY ; Zq mod torsion. In the theorem, s ξ denotes the spin-c structure determined by the oriented 2-plane field ξ, see e.g. [14, §2.8] . We have
so that both sides of (2.9) have the same type of relative grading. Also, the group z HM˚pY, s; Z{2q is equipped with a canonical degree 2 map which is also denoted by U.
In addition to implying topological invariance of ECH, Theorem 2.2, combined with known results about Seiberg-Witten Floer cohomology, implies nontriviality results for ECH. In particular, the following proposition provides an abundant supply of U-curves which will be needed in the proof of the main theorem. Below, define a U-sequence to be an infinite sequence tσ k u kě1 of nonzero homogeneous classes in ECH such that Uσ k`1 " σ k for each k ě 1. Also, use the canonical Z{2 grading I 2 on ECH to decompose ECH˚pY, λ, Γq " ECH even pY, λ, Γq ' ECH odd pY, λ, Γq. Proposition 2.3. Let Y be a closed connected three-manifold with a nondegenerate contact form λ, and let Γ P H 1 pY q such that c 1 pξq`2 PDpΓq P H 2 pY ; Zq is torsion. Then:
(a) There exists a U-sequence in ECH˚pY, λ, Γq.
(b) If b 1 pY q ą 0, then there exist U-sequences in both ECH even pY, λ, Γq and ECH odd pY, λ, Γq.
The proof of Proposition 2.3 is given in Appendix A. We can now use this proposition to give:
Proof of Proposition 1.9. Without loss of generality, Y is connected. Choose Γ such that c 1 pξq`2 PDpΓq is torsion (such a Γ always exists). By Proposition 2.3(b), there exists a U-sequence in ECH odd pY, λ, Γq. In particular, ECH odd pY, λ, Γq is nontrivial, so there exists an ECH generator α " tpα i , m i qu with rαs " Γ and I 2 pαq " 1. From the definition of I 2 , it follows that at least one of the simple Reeb orbits α i is positive hyperbolic.
Partition conditions
The nontrivial components of U-curves satisfy specific constraints on their asymptotics which we will need to take into account. To state these, let γ be a simple Reeb orbit and let m be a positive integer. We now define two partitions of m, the "positive partition" pγ pmq and the "negative partition" pγ pmq, as follows. Let θ P R be the rotation number of γ as in (2.2) with respect to some trivialization τ of ξ| γ . We then define pγ pmq " pθ pmq, where pθ pmq is defined as follows.
Let Λθ pmq denote the maximal polygonal path in the plane from p0, 0q to pm, tmθuq with vertices at lattice points which is the graph of a concave function and which does not go above the line y " θx. Then pθ pmq consists of the horizontal components of the segments of the path Λθ pmq connecting consecutive lattice points. The partition pθ pmq is obtained likewise from Λθ pmq, which is the minimal polygonal path in the plane from p0, 0q to pm, rmθsq with vertices at lattice points which is the graph of a convex function and which does not go below the line y " θx. Equivalently, pθ pmq " p`θpmq.
Note that the partition pθ pmq depends only on the congruence class of θ P R{Z, which does not depend on the choice of trivialization τ . For example, if γ is positive hyperbolic, then θ is an integer, and it follows that pγ pmq " pγ pmq " p1, . . . , 1q.
If γ is negative hyperbolic, then θ " 1{2 mod Z, and it follows that pγ pmq " pγ pmq "
If γ is elliptic, then our usual assumption that all Reeb orbits are nondegenerate implies that θ is irrational, and it then turns out that pθ pmq and pθ pmq are disjoint whenever m ą 1, see [14, Ex. 3.13] . The significance of these partitions is as follows. Let α " tpα i , m i qu and β " tpβ j , n j qu be orbit sets, and suppose that C P M J pα, βq has no multiply covered components. Then for each i, the curve C has ends at covers of α i with total multiplicity m i , and these multiplicities determine a partition of m i , which we denote by pὰ i pCq. Likewise, for each j, the asymptotics of the negative ends of C at covers of β j determine a partition of n j , which we denote by pβ j pCq. We then have:
Proposition 2.4. [14, §3.9] Suppose that C P M J pα, βq has no multiply covered components and that equality holds in the index inequality (2.6). Then for each i we have pὰ i pCq " pὰ i pm i q, and for each j we have pβ
In particular, if C " C 0 \ C 1 is a U-curve, then by Proposition 2.1(2), we know that Proposition 2.4 is applicable to the nontrivial component C 1 .
We note one simple fact about the partitions which will be needed later. Let γ be a simple Reeb orbit and let m be a positive integer. Recall that without any choice of trivialization, γ has a well-defined rotation number θ P R{Z. In particular, tmθu and rmθs are well-defined elements of Z{mZ.
Lemma 2.5. Let γ be a simple Reeb orbit with rotation number θ P R{Z, and let m be a positive integer.
(a) If pγ pmq " pmq, then gcdpm, tmθuq " 1.
(b) If pγ pmq " pmq, then gcdpm, rmθsq " 1.
Proof. Let θ P R be the rotation number of γ for some trivialization of ξ| γ . If pγ pmq " pmq, then this means that the path Λθ pmq consists of the single edge from p0, 0q to pm, tmθuq, and this edge has no lattice point in its interior. It follows that tmθu is relatively prime to m. This proves (a), and (b) is proved by a symmetric argument.
The J 0 index
We now recall a variant of the ECH index which is useful for bounding the topological complexity of holomorphic curves.
Let α " tpα i , m i qu and β " tpβ j , n j qu be orbit sets with rαs " rβs, and let Z P H 2 pY, α, βq. We then define the "J 0 index"
Here τ , c τ , and Q τ are defined as in (2.3). Like the ECH index I, the J 0 index (2.13) does not depend on the choice of trivialization τ . However J 0 depends on Z in the following way, similarly to the index ambiguity formula (2.4). If α and β are orbit sets with rαs " rβs " Γ, and if Z, Z 1 P H 2 pY, α, βq, then the ambiguity in the relative first Chern class is given by
This follows from the definition of the relative first Chern class in [14, §3.2] . By (2.14), together with (2.3), (2.4), (2.13), we obtain
If C P M J pα, βq, we write J 0 pCq " J 0 pα, β, rCsq. If C is a U-curve, then the integer J 0 pCq gives the following bound on the topological complexity of C. Write α " tpα i , m i qu and β " tpβ j , n j qu and C " C 0 \ C 1 as usual. Let nì denote the number of positive ends of C 1 at covers of α i , plus 1 if C 0 includes a cover of Rˆα i . Let nj denote the number of negative ends of C 1 at covers of β j , plus 1 if C 0 includes a cover of Rˆβ j . Proposition 2.6. [19, Lem. 3.5], [14, Prop. 5.8] Let pY, λq be a nondegenerate contact three-manifold and let J be a generic λ-compatible almost complex structure. Let α " tpα i , m i qu and β " tpβ j , n j qu be ECH generators and let
Spectral invariants and the volume property
It follows from the isomorphism (2.9) that the embedded contact homology ECH˚pY, λ, Γq is a topological invariant. However ECH can be used to extract finer information in the form of real numbers depending on the contact form, using a filtration on the ECH chain complex by the symplectic action. If α " tpα i , m i qu is an orbit set, its symplectic action is defined by
The ECH differential decreases the symplectic action, i.e. if the coefficient xB J α, βy ‰ 0 then Apαq ą Apβq, see [14, §1.4] . Consequently, for any L P R we can define the filtered ECH ECH L pY, λ, Γq (2.17) to be the homology of the subcomplex of ECC˚pY, λ, Γq generated by orbit sets α with Apαq ă L. There is a natural map
induced by inclusion of chain complexes. It is shown in [20, Thm. 1.3] that the filtered ECH (2.17) and the inclusion-induced map (2.18) do not depend on the choice of almost complex structure J.
We can now define, for each nonzero class σ P ECH˚pY, λ, Γq, a "spectral invariant"
Equivalently, c σ pY, λq is the smallest real number L such that the class σ can be represented by a cycle in the chain complex ECC˚pY, λ, Γq which is a sum of ECH generators each with action ď L. In particular,
for some orbit set α which is a generator of the chain complex ECC˚pY, λ, Γq. Another useful property is that if Uσ ‰ 0 then
This holds because the chain map U J,z , like the differential, decreases symplectic action. We are assuming above that the contact form λ is nondegenerate. In fact, the spectral numbers c σ are C 0 -continuous functions of the contact form, so one can extend them to degenerate contact forms by taking limits, see [13, §4.1] . When λ is degenerate, we make sense of the 'σ' in c σ by using the topological invariance in (2.9) to identify ECH˚pY, λ, Γq with ECH˚pY, λ 1 , Γq where λ 1 is a nondegenerate contact form with the same contact structure as λ. For degenerate contact forms, property (2.19) still holds, where α is some orbit set with rαs " Γ. Property (2.20) holds in the degenerate case under the additional assumption that there are only finitely many simple Reeb orbits, see [4, Lem. 3.1] .
A deeper property of the spectral numbers c σ , which will play a key role in the proof of the main theorem, is the following relation between their asymptotics and the contact volume volpY, λq "
Recall from §2.2 that if c 1 pξq`2 PDpΓq P H 2 pY ; Zq is torsion, then ECH˚pY, λ, Γq has a relative Z-grading.
Theorem 2.7. [5, Thm. 1.3] Let Y be a closed connected three-manifold with a contact form λ, let Γ P H 1 pY q with c 1 pξq`2 PDpΓq torsion, and let I be any refinement of the relative Z-grading on ECH˚pY, λ, Γq to an absolute Z-grading. Then for any sequence of nonzero homogeneous classes tσ k u kě1 in ECH˚pY, λ, Γq with lim kÑ8 Ipσ k q "`8, we have
In particular, if tσ k u kě1 is a U-sequence, then Ipσ k q " 2k`a for some constant a, so (2.21) implies that • The Reeb vector field R is transverse to Σ.
• There is a compact surface with boundary, Σ, such that intpΣq " Σ, and the inclusion Σ Ñ Y extends to a continuous map g : Σ Ñ Y such that each boundary circle of Σ is mapped to the image of a Reeb orbit.
• For every y P Y zg`BΣ˘, the Reeb trajectory starting at y intersects Σ in both forward and backward time.
We will use the following notation. Suppose that pY, λq is a nondegenerate contact three-manifold and J is a λ-compatible almost complex structure on RˆY . If u is a J-holomorphic curve in RˆY as in §2.1, let gpuq denote the genus of the domain of u, and let h`puq denote the number of ends of u at positive hyperbolic Reeb orbits (including even degree covers of negative hyperbolic orbits). Let M Proposition 3.2. Let pY, λq be a nondegenerate contact three-manifold, and let J be a λ-compatible almost complex structure on RˆY . Let C be an irreducible J-holomorphic curve in RˆY such that:
(ii) gpCq " h`pCq " 0 and indpCq " 2.
(iii) C does not have two positive ends, or two negative ends, at covers of the same simple Reeb orbit.
(iv) Let γ be a simple Reeb orbit with rotation number θ P R{Z. If C has a positive end at an m-fold cover of γ, then gcdpm, tmθuq " 1. If C has a negative end at an m-fold cover of γ, then gcdpm, rmθsq " 1. 
From a holomorphic curve to a foliation
To prepare for the proof of Proposition 3.2, we first need to discuss when holomorphic curves in RˆY project to embedded surfaces in Y , and when the latter foliate subsets of Y . Continue to use the notation preceding Proposition 3.2. If u is a J-holomorphic curve in RˆY , then following Wendl [28] , define the normal Chern number of u by
The goal of this subsection is to prove the following:
Let pY, λq be a nondegenerate contact three-manifold, and let J be a λ-compatible almost complex structure 9 on RˆY . Let C be a nontrivial irreducible embedded J-holomorphic curve in RˆY such that:
(iv) Let γ be a simple Reeb orbit with rotation number θ P R{Z. If C has a positive end at an m-fold cover of γ, then gcdpm, tmθuq " 1. If C has a negative end at an m-fold cover of γ, then gcdpm, rmθsq " 1. This proposition is a slight generalization of [19, Prop. 3.4] , and the ideas in the proof go back to [7] .
To prove this proposition, we first need to recall the significance of the normal first Chern number. Let u be an immersed J-holomorphic curve in RˆY with domain Σ, and let N Ñ Σ denote the normal bundle to u. Then u has a welldefined deformation operator
In Proposition 3.3 it is not necessary to assume that J is generic. 
If θì ,τ denotes the rotation number of α i with respect to τ , and if θj ,τ denotes the rotation number of β j with respect to τ , then we can rewrite the above inequalities as
Lemma 3.4. Let pY, λq be a nondegenerate contact 3-manifold and let J be a λ-compatible almost complex structure on RˆY . Let u be an immersed irreducible J-holomorphic curve in RˆY . Suppose that c N puq " 0. Let ψ be a nonzero element of KerpD u q. Then:
(a) ψ is nonvanishing.
(b) Equality holds in the inequalities (3.1).
Proof. Let τ be a trivialization of ξ over the Reeb orbits at whose covers u has ends. The algebraic count of zeroes of ψ is then given by where ppuq denotes the total number of ends of u. Combining (3.3), (3.5), and (3.6), we obtain 2#ψ´1p0q ď 2c τ puq´2χpΣq`CZ ind τ puq´ppuq`h`puq " indpuq´χpΣq´ppuq`h`puq " 2c N puq.
Since c N puq " 0 and all zeroes of ψ have positive multiplicity, we have that #ψ´1p0q " 0, establishing (a). To deduce (b), note that the inequality (3.7) is in fact an equality. This implies that equality also holds in (3.6) and hence (3.1). Proof. We proceed in four steps. We continue to use the notation from (3.1) and (3.2).
Step 1. We first show that the projection of C 1 to Y is an immersion. For any C 1 P M J C , the projection of B s (the derivative of the R coordinate on RˆY ) to the normal bundle N of C 1 is a nonzero element of KerpD C 1 q, since it is the derivative of the family of curves obtained by translating C 1 in the R direction. Since we are assuming that C 1 is not a trivial cylinder, the projection of B s to N does not vanish identically. We have that c N pC 1 q " 0 and by hypothesis (i), we have that C 1 is embedded. Thus, we may apply Lemma 3.4(a) to conclude that the projection of B s to N is nonvanishing. This means that the projection of C 1 to Y is an immersion.
Step 2. We next show that if C 1 P M J C and C ‰ C 1 , then the algebraic count of intersections of C and C 1 in RˆY does not depend on C 1 . It follows from the definition of Q τ in [11, §2.7] that the algebraic count of intersections of C and C 1 is given by
where ℓ τ pC, C 1 q is the "asymptotic linking number" of C and C 1 with respect to τ , defined in [11, §2.7] .
To analyze this asymptotic linking number, let windì ,τ pCq denote the winding number of B s around the positive end at α m i i with respect to τ . Define windj ,τ pCq likewise for the negative ends. As in [14, Lem. 5.5(b)], we then have have
Moreover, equality holds if: (*) For each i, the integers m i and minpwindì ,τ pCq, windì ,τ pC 1are relatively prime; and for each j, the numbers n j and maxpwindj ,τ pCq, windj ,τ pC 1are relatively prime.
By Lemma 3.4(b), we have
The same holds for any C 1 P M J C . In particular, by the hypothesis (iv), condition (*) above holds, so equality holds in (3.8) . Putting all of the above together, we obtain #pC
This equation implies that #pC X C 1 q does not depend on the choice of
Step 3. We now show that if C 1 P M J C and C ‰ C 1 , then C and C 1 are disjoint in RˆY .
As in [19, Prop. 3.4,
Step 5], hypothesis (iii) and condition (*) above imply that if C 1 is obtained from C by translating a small amount in the R direction, then C and C 1 are disjoint. It then follows from Step 2 that #pC X C 1 q " 0 for all
. By intersection positivity, this means that C and C 1 are disjoint.
Step 4. We now complete the proof. (a) We know by Step 1 that the projection of C to Y is an immersion. To show that this projection is an embedding, we just need to show that it is injective. (If this map is an injective immersion, then it is also an embedding because the ends of C are asymptotic to Reeb orbits.) If injectivity fails, then there exist y P Y and distinct s 1 , s 2 P R such that ps 1 , yq, ps 2 , yq P C. Then C intersects the translation of C by s 2´s1 . It follows from Step 3 that C equals the translation of C by s 2´s1 ‰ 0. This leads to all sorts of contradictions. For example, let ps˚, y˚q P C be a point such that y˚does not lie on a Reeb orbit. For large n, we would then have that pnps 2´s1 q`s˚, y˚q P C, contradicting asymptotic convergence to Reeb orbits. We conclude that the projection of C to Y is an embedding, and the same argument works for any
If the projections of C and C 1 to Y are not disjoint, then there exist y P Y and s, s 1 P R with ps, yq P C and ps 1 , yq P C 1 . Thus C intersects the translation of C 1 by s´s 1 . It follows from Step 3 that C equals the translation of C 1 by s´s 1 .
Proof of Proposition 3.3. (a) We have proved this in Lemma 3.5(a). (b)
If u is any immersed J-holomorphic curve in RˆY with c N puq ă indpuq, then u is automatically cut out transversely; see the review in [16, Lem. 4.1], and see [29] for more general automatic transversality results. In the present case, c N pCq " gpCq " h`pCq " 0, so indpCq " 2, and the above automatic transversality criterion holds for C, as well as for every
By is injective, hence an isomorphism. It follows from this that the map (3.10) is an isomorphism.
From a foliation to a global surface of section
Proof of Proposition 3.2. Note that hypotheses (i), (iii), and (iv) above are the same as the corresponding hypotheses in Proposition 3.3, and hypothesis (ii) above implies hypothesis (ii) in Proposition 3.3. Then by Lemma 3.5(a), the restriction of π Y to C, or more generally to any C 1 P M J C , is an embedding. To complete the proof that π Y pCq is a global surface of section, it is enough to show the following:
(a) For each C 1 P M J C , the projection π Y pC 1 q is transverse to the Reeb vector field R.
(b) Let Z Ă Y denote the union of the images of the Reeb orbits at which C has ends. Then for each y P Y zZ, the Reeb trajectory starting at y intersects π Y pCq in both forward and backward time.
We proceed in three steps.
Step 1. We first prove statement (a). Let C 1 P M J C . We know from Lemma 3.5(a) that B s is nowhere tangent to C 1 . Since C 1 is J-holomorphic and JB s " R, it follows that C 1 is everywhere transverse to the plane spanned by B s and R. This implies that π Y pC 1 q is everywhere transverse to R.
Step 2. Let U " ž
We now show that U " Y zZ.
We first show that U Ă Y zZ. Suppose to get a contradiction that there exist . Since Y zZ is connected, it is enough to show that any sequence in U has a subsequence that converges to a point in U or a point in Z. This holds by our assumption (vi) that M J C {R is compact.
Step 3. We now prove statement (b). By assumption (vi) again, we can choose a diffeomorphism
By Lemma 3.5(b) and
Step 2, this induces a function f : Y zZ Ñ S 1 such that f pyq " φprC 1 sq when y P π Y pC 1 q. By Proposition 3.3(b), the function f is a smooth submersion. By part (a), the derivative Rf ‰ 0 on all of Y zZ. By composing φ with an orientation-reserving diffeomorphism of S 1 if necessary, we may assume that Rf ą 0 on all of Y zZ.
Given y P Y zZ and T P R, define gpy, T q P R to be the total change in f along a Reeb trajectory for time T starting at y. It is enough to show that for each y P Y zZ, there exists T ą 0 such that gpy, T q ě 1 and gpy,´T q ď´1. In fact, we will show that there is a single T ą 0 which works for all y P Y zZ.
Suppose that C has a positive end at the m-fold cover of a simple Reeb orbit γ. Fix a trivialization τ of ξ| γ , and let θ P R denote the the rotation number of γ with respect to τ . Choose an identification of a tubular neighborhood of the image of γ in Y with S 1ˆD2 , such that γ is identified with S 1ˆt 0u preserving orientation, and the derivative of the neighborhood identification along γ agrees with τ . Let ρ : R{mZ Ñ R{Z " S 1 denote the projection. By the asymptotics of holomorphic curves reviewed in [14, §5.1], this end of C is described by a map
ps, tq Þ ÝÑ ps, ρptq, ηps, tqq.
where ϕ : R{mZ Ñ D 2 is nonvanishing and has winding number less than or equal to tmθu, and µ, ε ą 0. More specifically, ϕ is an eigenfunction of the "asymptotic operator" associated to γ m with eigenvalue µ; see the review in [14, Lem. 5.2] . This means that the Reeb flow near γ, as it goes m times around γ, rotates approximately by at least mθ´tmθu " tmθu relative to the eigenfunction ϕ describing the asymptotics of C.
It follows that if k is an integer with ktmθu ą 1, then for y near the image of γ, if we set T " kmApγq, then we have gpy, T q ą 1 and gpy,´T q ă´1. Moreover, since we assumed in (v) that h`pCq " 0, we know that mθ is not an integer, so such a k exists.
Reasoning similarly for the other ends of C, we conclude that there exist a neighborhood V of Z and a real number T 0 ą 0 such that if y P V zZ, then gpy, T 0 q ą 1 and gpy,´T 0 q ă´1.
By compactness 10 , there exists δ ą 0 such that the derivative Rf ą δ on Y zV . It follows that if we set T " δ´1`T 0 , then for every y P Y zZ we have gpy, T q ą 1 and gpy,´T q ă´1. To clarify for example why gpy, T q ą 1: if the Reeb flow starting at y stays outside of V for time at least δ´1, then by the definition of δ we already have gpy, δ´1q ą 1. On the other hand, if for some δ 1 P r0, δ´1s the image of y under the time δ 1 Reeb flow is in V , then by the definition of T 0 we have gpy, δ 1`T 0 q ą 1.
The Poincaré return map
Under the hypotheses of Proposition 3.2, we can now define the "Poincaré return map"
f : π Y pCq ÝÑ π Y pCq (3.11)
10 One might wish to simplify the proof by finding a positive lower bound on Rf on all of Y zZ. However this fails in the generic situation where the first two positive eigenvalues of the asymptotic operator of any Reeb orbit at which C has a positive end are distinct, or the first two negative eigenvalues of the asymptotic operator of any Reeb orbit at which C has a negative end are distinct.
as follows: If y P Y , then f pyq is the first intersection with π Y pCq of the forward orbit of y under the Reeb flow. More precisely, for t P R, let φ t : Y Ñ Y denote the time t Reeb flow. If y P π Y pCq, let t`pyq denote the infimum over t ą 0 such that φ t pyq P π Y pCq. By the "forward" part of the third bullet in Definition 3.1, we have t`pyq ă 8. Now define f pyq " φ t`pyq pyq. To prove (c), observe that the proof of Proposition 3.2 showed that if C has an end at a cover of a simple Reeb orbit γ, then the Reeb flow, starting a point in π Y pCq near γ, will return to π Y pCq while staying in a neighborhood of γ.
Existence of a special holomorphic curve
We would now like to find a holomorphic curve satisfying the criteria in Proposition 3.2, so that it projects to a global surface of section for the Reeb flow. The goal of this section is to prove Proposition 4.2 below, which asserts that we can do this, under the assumptions that c 1 pξq is torsion and that there are only finitely many simple Reeb orbits. In fact, we will obtain a curve satisfying even more properties than those required for Proposition 3.2, namely: Definition 4.1. Let pY, λq be a nondegenerate contact three-manifold, and let J be a λ-compatible almost complex structure on RˆY . A J-holomorphic curve C in RˆY is special if it has the following properties:
(a) indpCq " IpCq " 2, and C is irreducible and embedded in RˆY .
(b) C has at least one positive end, and at least one negative end, at elliptic Reeb orbits.
(c) C has genus zero and at most 3 ends.
(d) C does not have two positive ends, or two negative ends, at covers of the same simple Reeb orbit.
(e) C does not have any ends at hyperbolic orbits, except possibly one end at a simple negative hyperbolic orbit.
(f) The component of the moduli space of J-holomorphic curves containing C is compact.
Proposition 4.2. Let pY, λq be a nondegenerate contact three-manifold with c 1 pξq P H 2 pY ; Zq torsion and with only finitely many simple Reeb orbits. Let J be a generic λ-compatible almost structure on RˆY . Then there exists a special J-holomorphic curve in RˆY .
A sequence of U-curves
The first step in the proof of Proposition 4.2 is to obtain a sequence of U-curves with some control over their J 0 index.
To prepare for this, note from (2.3) and (2.13) that if α and β are any orbit sets with rαs " rβs and if Z P H 2 pY, α, βq, then the difference between I and J 0 is given by
We will also need the following linearity property of the relative first Chern class: Let α 1 and β 1 be another pair of orbit sets with rα 1 s " rβ 1 s, and let
1 q is defined; here αα 1 denotes the "product" orbit set obtained by taking the union of the simple Reeb orbits in α and α 1 and adding their multiplicities. Let τ be a trivialization of ξ over all the Reeb orbits in the four orbit sets α, β, α 1 , β 1 ; it then follows from the definition of c τ in [14,
Lemma 4.3. Let pY, λq be a nondegenerate contact 3-manifold with c 1 pξq P H 2 pY ; Zq torsion. Then: (a) There is a unique way to assign, to each orbit set α with rαs " 0 P H 1 pY q, integers Ipαq and J 0 pαq, such that (i) IpHq " J 0 pHq " 0, and (ii) if β is another orbit set with rβs " 0, then for any Z P H 2 pY, α, βq, we have Ipα, β, Zq " Ipαq´Ipβq, J 0 pα, β, Zq " J 0 pαq´J 0 pβq. be a nullhomologous orbit set. Define c τ pαq " c τ pα, H, Zq for any Z P H 2 pY, α, Hq; this is well defined by (2.14). Then by part (a) and (4.1), we have
Here we interpret CZ τ pα
is nullhomologous if and only if pm 1 , . . . , m n q is an element of the set
Thus c τ defines a map W Ñ Z. Let W Q denote the span of W in Q n . The map c τ : W Ñ Z is additive by (4.2), hence c τ extends uniquely to a linear map W Q Ñ Q. This extension is then given by the inner product with a fixed vector in W Q . We conclude that there are constants w 1 , . . . , w n P Q such that every nullhomologous orbit set α "
To estimate the Conley-Zehnder index term in (4.5), note that by (2.2) we have
where θ i denotes the rotation number of α i with respect to τ . In particular,
Combining (4.5), (4.6), and (4.7), we obtain |Ipαq´J 0 pαq| ď
where a i " Apα i q ą 0. It follows from (4.8) and (4.9) that the estimate (4.4) holds with δ 1 " maxpd i {a i q.
Lemma 4.4. Let pY, λq be a nondegenerate contact 3-manifold with only finitely many simple Reeb orbits and with c 1 pξq P H 2 pY ; Zq torsion. Let J be a generic λ-compatible almost complex structure. Let ε ą 0. Then at least one of the following is true:
(1) There exist ECH generators α and β, and a U-curve C P M J pα, βq, such that rαs " rβs " 0 P H 1 pY q and Apαq´Apβq ă ε and J 0 pCq ď 1.
(2) For every positive integer l, there exist ECH generators αp0q, αp1q, . . . , αplq with rαpiqs " 0 P H 1 pY q, and U-curves Cpiq P M J pαpiq, αpi´1qq for i " 1, . . . , l, such that for each i we have Apαpiqq´Apαpi´1qq ă ε, (4.10) J 0 pCpiqq " 2.
(4.11)
Proof. Suppose that (1) is false, in particular that every U-curve C P M J pα, βq with rαs " rβs " 0 and Apαq´Apβq ă ε satisfies J 0 pCq ě 2. We must prove that (2) is true.
By Proposition 2.3(a) and our assumption that c 1 pξq is torsion, there exists a U-sequence tσ k u kě1 in ECHpY, λ, Γq with Γ " 0. By (2.22), there is a constant
Recall from §2.3 that the map U on ECHpY, λ, 0q is induced by a chain map U J,z on ECCpY, λ, 0q counting U-curves passing through a point z P Y which is not on any Reeb orbit. Fix a large positive integer k. By the definition of c σ k , the class σ k can be represented by a cycle x " ř j x j in the chain complex ECCpY, λ, 0q such that each x j is an ECH generator with action Apx j q ď c σ k . Since U k´1 σ k ‰ 0 on homology, it follows that U k´1 J,z x ‰ 0 on the chain level.
Thus there are ECH generators αp1q, . . . , αpkq such that rαpiqs " 0 P H 1 pY q for each i, the ECH generator αpkq is one of the x j , and xU J,z αpiq, αpi´1qy ‰ 0 for i " 2, . . . , k. In particular, 12) and there exist U-curves Cpiq P M J pαpiq, αpi´1qq for i " 2, . . . , k. We claim that for every positive integer l, if k is sufficiently large, then there will be l consecutive integers i from 2 to k satisfying (4.10) and (4.11). It is enough to show that there are at most Opk 1{2 q integers i from 2 to k such that (4.10) and (4.11) are not both satisfied.
By (4.12) , there are at most ε´1δ 2 k 1{2 integers i from 2 to k such that (4.10) is not satisfied. By our hypothesis, this also implies that there are most ε´1δ 2 k 1{2 integers i from 2 to k such that J 0 pCpiqq ď 1.
Since the Cpiq are U-curves, they each have ECH index 2, so
It then follows from Lemma 4.3(b) and the estimate (4.12) that
Recall that J 0 pCpiqq is an integer. Also, it follows from Proposition 2.6 that J 0 pCpiqq ě´1 for each i. We deduce that there are at most p2δ 1`4 ε´1qδ 2 k 1{2 integers i from 2 to k such that (4.11) is not satisfied. where we make essential use of the assumption that c 1 pξq is torsion. Without this assumption, we can still find U-curves in M J pα, βq with Apαq´Apβq ă ε, such that rαs " rβs " Γ where c 1 pξq`2 PDpΓq P H 2 pY ; Zq is torsion. However we do not know how to control J 0 of these curves, because when c 1 pξq is not torsion, J 0 of these curves no longer depends only on α and β, but also on their relative homology classes by (2.15). How to bound J 0 in this case is an interesting question for future research.
Controlling topological complexity
We now use Proposition 2.6 to describe the possible structure of a U-curve C " C 0 \ C 1 with J 0 pCq ď 2. Lemma 4.6. Under the hypotheses of Proposition 2.6, suppose that J 0 pCq ď 1 and that C 1 has at least one negative end. Then:
(a) C 1 has genus zero and at most 3 ends.
(b) C 1 does not have two positive ends or two negative ends at covers of the same simple Reeb orbit.
Proof. It follows from equation (2.16) that χpC 1 q ě´1. Since C 1 always has at least one positive end, and we are assuming that C 1 has at least one negative end, assertion (a) follows. If assertion (b) is false, then it follows from equation (2.16) that χpC 1 q ě 0, which is impossible since now C 1 has at least 3 ends.
Lemma 4.7. Under the hypotheses of Proposition 2.6, suppose that J 0 pCq " 2 and that C 1 has at least one negative end. Then:
(a) If for some i, both C 0 and C 1 have positive ends at covers of α i , or if for some j, both C 0 and C 1 have negative ends at covers of β j , then C 1 satisfies the conclusions of Lemma 4.6.
(b) C 1 has at most 2 positive ends at covers of α i for each i, and at most 2 negative ends at covers of β j for each j.
(c) If C 1 has 2 positive ends at covers of α i for some i, then C 1 has exactly one negative end. Likewise, if C 1 has 2 negative ends at covers of β j for some j, then C 1 has exactly one positive end.
Proof. (a) This follows from equation (2.16) as in the proof of Lemma 4.6. (b) If C 1 has more than two positive ends at covers of α i for some i, or if C 1 has more than two negative ends at covers of β j for some j, then equation (2.16) implies that χpC 1 q ě 0, which is a contradiction since in this case C 1 has at least 4 ends.
(c) If C 1 has 2 positive ends at covers of α i for some i, then by equation (2.16), χpC 1 q ě´1. Since we are assuming that C 1 has at least one negative end, it follows that C 1 has exactly one negative end. The proof in the case where C 1 has 2 negative ends at covers of β j for some j is analogous.
Exceptional Reeb orbits
Definition 4.8. Let pY, λq be a nondegenerate contact three-manifold. Let γ be a simple Reeb orbit and let m be a positive integer. We say that the pair pγ, mq is exceptional if |pγ pmq|`|pγ pmq| ď 3.
Lemma 4.9. Let pY, λq be a nondegenerate contact three-manifold, and let γ be a simple Reeb orbit. Then there are only finitely many positive integers m such that the pair pγ, mq is exceptional.
Proof. If γ is hyperbolic, then Lemma 4.9 follows directly from (2.11) and (2.12). So assume that γ is elliptic. We need to show that if θ is an irrational number then there are only finitely many positive integers m with |pθ pmq|`|pθ pmq| P t2, 3u. Since pθ pmq " p`θpmq, it is enough to show that there are only finitely many positive integers m with pθ pmq " pmq and |pθ pmq| P t1, 2u.
Claim
11 . If θ is irrational and pθ pmq " pmq, then 1 P pθ pmq.
Proof of Claim. Let a denote the smallest element of pθ pmq. By the definition of pθ in §2.5, the triangle with vertices pm, tmθuq, pm, rmθsq, and pm´a, rpm´aqθsq does not contain any lattice points other than its vertices. Thus by Pick's theorem, this triangle has area 1{2. But this triangle also has area a{2, so a " 1.
It follows from the Claim that if pθ pmq " pθ pmq " pmq then m " 1. It remains to show that there are only finitely many m with pθ pmq " pmq and |pθ pmq| " 2. In this case, it follows from the Claim that pθ pmq " pm1 , 1q. Then by the definition of pθ and pθ , the quadrilateral with vertices p0, 0q, pm, tmθuq, pm, rmθsq, and pm´1, rpm´1qθsq contains no lattice points other than its vertices. This quadrilateral contains the triangle with vertices p0, 0q, pm, tmθuq, and pm´1, rpm´1qθsq, so that triangle also contains no lattice points other than its vertices, and thus has area 1{2. Recomputing this area using determinants, we obtain m rpm´1qθs´pm´1q tmθu " 1.
Since pθ pmq " pm´1, 1q, we also know from [14, Ex. 3.13(b) ] that rpm´1qθs`rθs " rmθs .
Substituting this equation into the previous one, we obtain 1 " mprmθs´rθsq´pm´1q tmθu " pm´1q`rmθs´m rθs " pm´1q`mθ`1´tmθu´mpθ`1´tθuq " mtθu´tmθu.
This implies that mtθu ă 2, so there are only finitely many such m.
11 More generally, if θ is irrational and m ą 1 then 1 R pθ pmq ô 1 P pθ pmq. This is shown in [10, Eq. (22)], and can also be proved similarly to the proof of the Claim.
Low energy curves
Lemma 4.10. Let pY, λq be a nondegenerate contact three-manifold with only finitely many simple Reeb orbits. Then there exists a constant ε ą 0 with the following property. Let α and β be ECH generators with Apαq´Apβq ă ε. Let J be a generic λ-compatible almost complex structure on RˆY . Let C " C 0 \ C 1 P M J pα, βq be a U-curve. Then:
(a) Let α 1 and β 1 denote the orbit sets for which
Then there is at least one pair pγ, mq P α 1 such that pγ, mq is not exceptional, and likewise there is at least one nonexceptional pair pγ, mq P β 1 .
(b) C 1 has at least one positive end and at least one negative end at elliptic Reeb orbits.
(c) If C 1 has genus 0 and at most 3 ends, then the component of the moduli space of J-holomorphic curves containing C 1 is compact.
Proof. Since there are only finitely many simple Reeb orbits, and since by Lemma 4.9 there are only finitely many exceptional pairs pγ, mq there are only finitely many orbit sets x where every pair pγ, mq P x is exceptional. It follows that we can choose ε ą 0 such that the following holds:
(i) If x is an orbit set such that every pair pγ, mq P x is exceptional, and if y is another orbit set with Apxq ‰ Apyq, then |Apxq´Apyq| ą ε.
In particular, we also have:
(ii) If γ is a simple Reeb orbit then Apγq ą ε.
(iii) If γ is a positive hyperbolic Reeb orbit which is either simple or a double cover of a simple negative hyperbolic orbit, and if γ 1 is any other Reeb orbit with Apγq ‰ Apγ 1 q, then |Apγq´Apγ 1 q| ą ε.
We claim that properties (i)-(iii) above imply assertions (a)-(c). To see this, let
J be a generic λ-compatible almost complex structure, and let C " C 0 \ C 1 P M J pα, βq be a U-curve with Apαq´Apβq ă ε. We can write α " α 1 γ and β " β 1 γ, where γ is the orbit set such that C 0 " Rˆγ, and C 1 P M J pα 1 , β 1 q. Then we also have 0 ă Apα 1 q´Apβ 1 q ă ε. We now prove (a)-(c) as follows. In particular, every element of α 1 is exceptional. Since C 1 is nontrivial, Apα 1 q ‰ Apβ 1 q. This contradicts property (i) with x " α 1 and y " β 1 . (c) Suppose to get a contradiction that C 1 has genus 0 and at most 3 ends, but the component of the moduli space of J-holomorphic curves containing C 1 is not compact. Then by the compactness theorem in [14, Lem. 5.11] , there exists a sequence of J-holomorphic curves in the moduli space containing C 1 which converges in an appropriate sense to a "broken J-holomorphic current" from αSuppose that case (1) in Lemma 4.4 holds. We then have a U-curve C " C 0 \ C 1 P M J pα, βq with Apαq´Apβq ă ε and J 0 pCq ď 1. We claim that the curve C 1 is special. Condition (a) in the definition of "special" holds because C is a U-curve. Condition (b) holds by Lemma 4.10(b) above. Conditions (c) and (d) then hold by Lemma 4.6. Since C 1 has at most three ends, at least two of which are at elliptic orbits, and since C 1 has even Fredholm index, it follows that C 1 cannot have an end at a positive hyperbolic Reeb orbit. Since α and β are ECH generators, if C 1 has an end at a negative hyperbolic Reeb orbit, then this orbit is simple. This proves condition (e) in the definition of "special". Condition (f) holds by Lemma 4.10(c).
Suppose now that case (2) in Lemma 4.4 holds. We can then put l " 2n`1 into Lemma 4.4 to obtain ECH generators αp0q, . . . , αp2n`1q, and U-curves
for i " 1, . . . , 2n`1, such that (4.10) and (4.11) hold for each i. We claim that for at least one i, the curve Cpiq 1 is special. We know that for each i, the curve Cpiq 1 satisfies condition (a) in the definition of "special" since Cpiq is a U-curve, and also condition (b) by Lemma 4.10(b). We need to show that for at least one i, the curve Cpiq 1 also satisfies conditions (c) and (d); the conditions (e) and (f) will then follow as before. We claim that for some i, the curves Cpiq 0 and Cpiq 1 have positive ends at covers of the same simple orbit, or negative ends at covers of the same simple orbit. Then by Lemma 4.7(a), the curve Cpiq 1 satisfies conditions (c) and (d) in the definition of "special", and we are done.
To prove the claim, suppose that for all i, the curves Cpiq 0 and Cpiq 1 do not have positive ends at covers of the same simple orbit, or negative ends at covers of the same simple orbit. We then obtain a contradiction as follows.
Let us call the curve Cpiq 1 "Type I" if it does not have two negative ends at covers of the same simple orbit. Call the curve Cpiq 1 "Type II" if it does not have two positive ends at covers of the same simple orbit. By Lemma 4.7(c), each curve Cpiq 1 is Type I or Type II (or possibly both).
Suppose that for some i ą 1, the curve Cpiq 1 is Type I. Then by Lemma 4.10(a), there is a simple orbit γ such that Cpiq 1 has exactly one negative end at a cover of γ, of multiplicity m, and the pair pγ, mq is not exceptional. Then the curve Cpi´1q 1 cannot have any positive ends at covers of γ, by Lemma 4.7(b) and the definition of "exceptional", hence the component of Cpi´1q 0 along γ must have multiplicity m. It then follows by downward induction on j that if 1 ď j ă i, then the curve Cpjq 1 cannot have any positive or negative ends at covers of γ.
Likewise, if for some i ă 2n`1, the curve Cpiq 1 is Type II, then there is a simple orbit γ such that Cpiq 1 has a positive end at a cover of γ, but for i ă j ď 2n`1, the curve Cpjq 1 cannot have any positive or negative ends at covers of γ. Now among the 2n´1 curves Cp2q 1 , . . . , Cp2nq 1 , at least n of them have Type I, or at least n of them have Type II (or possibly both). In the first case, there are no possible orbits at which Cp1q 1 can have ends, which is the desired contradiction. In the second case, there are no possible orbits at which Cp2n`1q 1 can have ends, which is likewise a contradiction.
Two or infinitely many Reeb orbits
In this section we complete the proof of the main theorem 1.4.
Invoking a theorem of Franks
To prove Theorem 1.4, we will need one more dynamical fact.
Proposition 5.1. Let C be a surface diffeomorphic to S 2 with k points removed. Let ω be an area form on C with ş C ω ă 8. Let f : pC, ωq Ñ pC, ωq be an areapreserving diffeomorphism which acts as the identity on the set of ends. Then:
• If k " 2, then f has either no periodic orbits or infinitely many.
• If k ą 2, then f has infinitely many periodic orbits.
To prove Proposition 5.1, we will use the following theorem of Franks. Below, let A denote the open annulusD 2 zt0u. To apply Theorem 5.2, we will need the following result of Berlanga-Epstein, generalizing results of Oxtoby-Ulam [24] . Let µ be a Borel measure on a manifold X. We say that µ is "non-atomic" if µptxuq " 0 for each x P X, and that µ has "full support" if µpUq ą 0 for every nonempty open set U Ă X. Theorem 5.3. (special case of [2] ) Let µ 1 and µ 2 be two Borel measures on a manifold X which are non-atomic and have full support. If µ 1 pXq " µ 2 pXq ă 8, then there is a homeomorphism h : X Ñ X such that h˚µ 1 " µ 2 .
Proof of Proposition 5.1. We can identify C with Aztz 1 , . . . , z k´2 u where z 1 , . . . , z k´2 P A are distinct. Since the diffeomorphism f : C Ñ C preserves the ends of C, it follows that f extends to a homeomorphism f : A Ñ A with f pz i q " z i for i " 1, . . . , k´2.
Let µ denote the measure on C determined by ω. We extend µ to a measure µ on A by setting µpUq " µpUztz 1 , . . . , z k´2 uq for any Borel measurable set U Ă A. The homeomorphism f preserves the measure µ. The measure µ has full support because µ does, and is non-atomic because the points z 1 , . . . , z k´2 have measure zero. Thus by Theorem 5.3, there is a homeomorphism h : A Ñ A such that h˚µ is a rescaling of the Lebesgue measure. In particular, the conjugate homeomorphism h˝f˝h´1 : A Ñ A preserves Lebesgue measure.
It now follows from Theorem 5.2 that the homeomorphism f has either no periodic orbits or infinitely many. Since z 1 , . . . , z k´2 are fixed points of f , Proposition 5.1 follows immediately.
Proof of the main theorem
Proof of Theorem 1.4. Assume that λ has only finitely many simple Reeb orbits; we need to show that λ has exactly two simple Reeb orbits. Let J be a generic λ-compatible almost complex structure on RˆY .
By Proposition 4.2, there exists a special J-holomorphic curve C in RˆY . By Definition 4.1, this implies that the following conditions hold:
(a) C is irreducible and embedded and has indpCq " IpCq " 2.
(b 1 ) C has at least two ends.
(c 1 ) C has genus zero.
(e 1 ) C has no ends at positive hyperbolic orbits or at non-simple negative hyperbolic orbits.
(Conditions (b 1 ), (c 1 ), and (e 1 ) above are weaker than the corresponding conditions (b), (c), and (e) in Definition 4.1, but are all that we need in the proof.
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We now check that C satisfies hypotheses (i)-(v) of Proposition 3.2, so that C projects to a global surface of section for the Reeb flow.
(i) By (d) and (e 1 ) above, C P M J pα, βq where α and β are admissible orbit sets. Then by (a) and [14, Prop. 3 (v) This is condition (f) above. Thus Proposition 3.2 is applicable to C, and as in §3.3 we obtain a Poincaré return map f : π Y pCq ÝÑ π Y pCq.
By Lemma 3.6, we can apply Proposition 5.1 to the map f . Since we are assuming that λ has only finitely many Reeb orbits, it follows from Proposition 5.1 and condition (b 1 ) that C has exactly two ends, at Reeb orbits which we denote by γ`and γ´, and that λ has no simple Reeb orbits other than the simple Reeb orbits underlying γ`and γ´, which we denote by γ`and γ´. Moreover, γ`and γ´are distinct by Theorem 1.1 (one can also show this more directly using intersection theory). Thus λ has exactly two simple Reeb orbits.
The non-torsion case
We conclude by proving Theorem 1.7. Below, if γ 1 and γ 2 are Reeb orbits, let i γ 1 ,γ 2 denote the map Proof of Theorem 1.7(b). We know by Theorem 1.5 that there are at least three simple Reeb orbits. Suppose to get a contradiction that there are exactly three. Choose Γ P H 1 pY q such that c 1 pξq`2 PDpΓq is torsion. Since we are assuming that c 1 pξq is not torsion, it follows that Γ P H 1 pY q is not torsion either.
By Proposition 1.9, at least one of the simple Reeb orbits is positive hyperbolic. We claim that the other two simple Reeb orbits are elliptic. To see this, note that if there are no elliptic orbits, then there are just three hyperbolic simple Reeb orbits, so it follows from the definition of the ECH chain complex that ECH˚pY, λ, Γq is finitely generated, contradicting Proposition 2.3(a). If there is one elliptic simple Reeb orbit e and two hyperbolic simple Reeb orbits h 1 , h 2 , then let tσ k u kě1 be a U-sequence in ECH˚pY, λ, Γq provided by Proposition 2.3(a). By (2.19) , the spectral invariant c σ k pY, λq is the symplectic action of some ECH generator α k " e m k h
where m k is a nonnegative integer and n 1,k , n 2,k P t0, 1u. By (2.20) , the symplectic action of α k is a strictly increasing function of k. It then follows that c σ k pY, λq grows at least as kApeq{4, so that c σ k pY, λq 2 {k grows at least linearly with k. This contradicts the asymptotic formula (2.22) .
Thus there are two elliptic simple Reeb orbits e 1 , e 2 and one positive hyperbolic simple Reeb orbit h. We claim now that the kernel of i e 1 ,e 2 has rank one. If the kernel of i e 1 ,e 2 has rank zero, then as before ECHpY, λ, Γq is finitely generated, a contradiction. If the kernel has rank two, then the orbits e 1 and e 2 represent torsion classes in homology. Since by the definition of the mod 2 grading I 2 , every generator of the chain complex ECC even pY, λq takes the form e Thus the kernel of i e 1 ,e 2 has rank one, and is generated by some integer vector pv 1 , v 2 q. Without loss of generality v 2 ą 0. Consider a U-sequence tσ k u kě1 in ECH even pY, λ, Γq. By (2.19), for each k the spectral invariant c σ k pY, λq is the action of an orbit set e for some a k P Z. By (2.20), the a k are distinct. Since m 1,k , m 2,k ě 0 by the definition of orbit set, and since v 2 ą 0, it follows that v 1 ě 0. (Otherwise there could only be finitely many k such that (6.2) has both components nonnegative.) Since both v 1 and v 2 are nonnegative, it follows that the sequence c σ k pY, λq grows at least linearly with k, since each term in this sequence exceeds the previous one by at least minpApe 1 q, Ape 2 qq. Once again this contradicts the asymptotic formula (2.22).
Proof of Theorem 1.7(a). By Theorem 1.1, there are at least two simple Reeb orbits. Suppose to get a contradiction that there are exactly two simple Reeb orbits, and denote these by γ 1 and γ 2 . Choose Γ such that c 1 pξq`2 PDpΓq is torsion. By Proposition 2.3(a), there is a U-sequence in the class Γ; it follows from (2.19) and (2.22) that there is an infinite sequence pγ
q kě1 of orbit sets in the class Γ with strictly increasing action. Now consider the map on homology (6.1). If the kernel of this map has rank 0, then there is at most one orbit set in every homology class, contradicting the existence of infinitely many orbit sets in the class Γ. If the kernel has rank 2, then there can not be any orbit sets in any non-torsion homology class, which again is a contradiction since our hypothesis that c 1 pξq is not torsion implies that Γ is not 
